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Definitions and classification

Let § € R\ Q and put A = e?™. For x € R, define
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Let px/qr (K > 0) be the convergents of the continued fraction expansion of §. The Brjuno condition
and (D;) (1 > 1) are defined by
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We say that 6 is Diophantine if it satisfies (D) for some 7 > 1, and is of bounded type if it satisfies

(D1).
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Consider the following six classes (see also the slides for Day 3).
L(0) = oc.
0 < L(9) < 0.
L(0) =0, and 0 does not satisfy the Brjuno condition.
L(#) = 0, and 6 satisfies the Brjuno condition but is not Diophantine.
6 is Diophantine but does not satisfy (D).
0 is Diophantine and satisfies (Dy).

Write a report on the following questions concerning this classification of irrational numbers. Sub-

mission instructions will be given separately in class.
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From at least two of the following perspectives—Lebesgue measure, cardinality, and
Baire category—compare and discuss the sizes of at least two of the classes above. You

may restrict the comparison to the interval (0,1).

Choose one of the classes above and summarize its role and related facts in the study of
dynamics near fixed points in one complex variable.

Examples: Siegel’s linearization theorem for f(w) = Aw + O(w?); connections with the
Hausdorff property of group cohomology for the Z-action induced by the iterates of f on
a suitable space of holomorphic functions (or germs).

Choose one of the classes above and summarize its role and related facts in the study of neigh-
borhoods of compact Riemann surfaces holomorphically embedded in non-singular complex
surfaces.

Examples: Ueda’s linearization theorem; Arnol’d’s theorem on holomorphic tubular neigh-

borhoods of elliptic curves.



